Independent Trial HSC 2014 Mathematics Extension 2  Marking Guidelines

Section 1 Questions 1-10 (1 mark each)
Question | Answer Solation Outcomes
1. B a=1 9= L Sy H5
ﬁ”MOOmNQ 1-7 H.IA#..TOOMMQV —cos260
f T«v =sin™' x+tan™ x is an increasing function with domain —1<x <1 .
2 C oosin” (=D +tan(~=1) < y<sin” 1+ tan”'1 . dmeyecdn HE4
. I Iy <y & T R N
3+ D=y 3 + 7
e +e’ =1 .
3. A y A E6
e+erZ o dx &
dx
2
~6) +y =4{x"+y
4, B ERCEPE (x=6) 4y =4{x"+») (x+2)+)*=16 |E3
- 36=3x>+12x+3y*
5. C e=12 S(v2k,0)  oN2k=4 k=3 E4
a=k
E8
6. D =—xe—¢e +c
J h=1-x
r=l—-x—0x
-
E7
7. D mu\nﬁ*milavlmawmafla\ﬂv
8V = Mﬁ?li?la\wvma
(ignoring terms in (6x)* )
x=1 1
¥ = lim ¥ 27 (1-x)(1-x )6x = Na% (1-x)(1=x ) e
x0T 0
. C . 3
8 -, I.W and — satisfy AI.W_L Ihﬁi.ﬁlmn 0 4
Rearranging gives 2x’ —4x" +1=0
9. A Resolving forces horizontally and applying Newton’s 2™ law gives
Tsin@=mrew” . Then r=1Isin® gives T =mlw’ E5
10. D "C."C - _ 1
lim——2%=1lim x.x? C. > =3lim ——=3 HE3
O n—tee 21 a(n-1D(n-2) e ] — 2
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Q11 (cont)
d. Qutcomes assessed: E4
Marking Guidelines

Criteria

Marks

1 « use the relationships between roots and coefficients to evaluate the sum of squares
» evaluate the sum of fourth powers by writing it in terms of sums of lower powers

ii * use the negative value of the sum of the fourth powers to deduce at least one root is non-real
* deduce that there are either 4 non-real roots, or 2 real and 2 non-real roots
» show that one root is real by establishing the change of sign of the polynomial function

Ptk ek ek fand

Answer

. 2 2 2, g2 _ 2 _ _

i @+ +y 48 =(a+Pp+y+6) —2(af+ Py +¥5+8a)=0-2(-2)=4
Each of &, 8,7, 8 satisfies x* —2x*—5x+3=0 . Hence
?fmh+i+m»v|m?m+mmi\m+%vlmA9+m+u\+mv+®+w+w+wTo

(0 + B +7" +8%)-2x4-5x0+12=0
ot Byt 8t =4

il. At least one of o, 8,7, 6 must be non-real (since the fourth powers are not all non-negative).

However the non-real roots come in complex conjugate pairs (since the coefficients are real).
Hence either there are 4 non-real roots, or there are 2 non-real and 2 real roots.

Considering the continuous polynomial function P(x)=x*—-2x*—5x+3, P(0)=3>0 and
P(1)=-3<0 and hence there is a real root of P(x)=0 lying between 0 and 1.
Hence the equation must have 2 real and 2 non-real roots.

Question 12
a. Qutcomes assessed: ES
Marking Guidelines

Criteria

Marks

« complete the square
+ write the primitive function

Answer

1 .
do= | ——1 ae=sin| X2l 4c

ml?mlmav hl?lsn 2

b. Outcomes assessed: ES
Marking Guidelines

Criteria

Marks

« rearrange integrand into appropriate form
» write the primitive

Answer
R. e dx = E&au e — e &Hm~l§?~+&+n
e +1 e +1 e +1
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Question 13
a, Qutcomes assessed: E4

Marking Guidelines

Criteria

Marks

* write expressions for MS, NS in terms of aand e
= find PSinterms of g and e

s find PQ in terms of a and e
» find the sum of the reciprocals of MS and NS and rearrange to obtain result

—t 3

Answer

1,11 1 _(+e(-g_ 2 N

MS Z.WI-QQ.IQV D_Q\TQvl Qalmwv |Qﬁ..lmwv S+t

a

Wm.nmllam HaTImmv and hence PQ=2PS =2a(l—-¢")
e

P
Using the locus definition of the ellipse and the directrix x = Z , \\ 1/_/
e /

1 1 4

St — = —

MS NS PO

b. Outcomes assessed: E4
. Marking Guidelines

Criteria

Marks

i * find gradient of PQ and hence gradient of MX
» find coordinates of M and gradient of OM

* deduce MX and OM make equal acute angles with the x-axis so that AMOX is isosceles
ii « find the parameter at 7 in terms of p and ¢

= compare the gradient of the tangent at 7 with the gradient of PO

—t b bk

Answer

cfL—1 :
1. gradient MX = Gradient PQ = E = L . Mhas coordinates cptg) , Aptq)
cp—q) pq 2 2pq
gradient OM = Ap*q) + «p+q) _ L .. gradient MX =— gradient OM
2pq 2 rq
If MX and OM make angles o and [ respectively with the positive x axis, then tang=—tanf .

Hence $=180°~¢« and in AMOX, ZMOX =4 MXO=J . Then AMOX is isosceles with MX =OM .

ii. Let Thave coordinates ?Fmv . Then ie, MM.H.E.MW . Butmy.=m,, . . *=pg .
dy dy dx -e¢ 1 1 .
AtT, —=—+—=-vsp=——=——=m_ . Hence the tangent at T is parallel to PO.
d dr dt 1 £ pg "° 8 P Q
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Q14 (cont)
b. Outcomes assessed: HE2

Marking Guidelines
Criteria Marks
» define a sequence of statements and show the first two are true |
* use the recurrence relation to write 7, | in terms of values of 7, 7, given S(») true, n<k #

* rearrange to establish conditional truth of S(k+1) and complete the induction process

Answer

Let S(n), n=1,2,3,... be the sequence of statements defined by S(n): T =(n+1)3" .

Consider S(1) and S(2) : T=6=(1+1)x3 = S(1) is true
T,=27=(2+1)x3*  ~S(2) is true

If S(n) istruefor n<k (where £22): T =(n+1)3", n=123 ..k *

Consider S(k+1), k22 : T, =67 —9T,

=6(k+1) 3 -9%.3"" if S(n) istrue for n<k , using *
={2(k+1)—k} 3
={(k+1)+1}3*

Hence if $(#) is true for n <k (where k>2 ) then S(k+1) is true. But S(#) is true for n<2 . Hence

S(3) is true, then S(#) true for n< 3= S(4) is true and so on. Hence by Mathematical Induction ,
T =(n+1)3" forall integers n=1 .

¢. Outcomes assessed: ES
Marking Guidelines

Criteria

Marks

i «find @ in terms of v
av

» use initial conditions to find x in terms of v
- find expression for H by finding x when v is zero
ii * find equation of motion for downward journcy
» find distance fallen in terms of v
» use expression for maximum height to establish required equation
iii » note continuity and establish change of sign
+ apply Newton’s method
iv » find terminal velocity and use value of A to obtain required percentage

e e el el e B

Answer
i.
i#=~5(100+v)
10 —3x=v~-100In(100+v)+¢
o
<%uli§iv =20 0 =200~1001n300 +¢
CLde_ x=0,v=200 | - ._waHﬁ.meoi..31..5@5&%%?._.
Ydv 100+ x=H,v=0= 4H=200-100In3
_o &, __100 -~ H=1000(2-1n3)
0 gy 100+v
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Q15(cont)
b. Outcomes assessed: PE3
Marking Guidelines

Criteria

Marks

1 +show the sum of a positive real number and its reciprocal is at least 2
il o » rearrange given expression into such sums
» apply result from (i) to establish required inequality
B « make appropriate replacements for a, b, ¢

» rearrange to establish required inequality

e e N N

Answer

i. ?+$Nn?|$m+awau since Aalvawo for real g #0

sa+L+22 for real a>0

.. b+e c+a a+b 7 b ¢ ¢ a
ia). ; + p + il b
=2

L
a c b a ¢
+2 + 2 using (i)

@+nn+am+®
+ + >

a b c

ii(B ). Replacing a— b+c, boc+a, c—ath :
?+3+€+E+?+8+@+&+@+®+?+&
b+c c+a a+b

2a 2b 2c
+ 1+ + 1+

b+ec ct+a a+b

p) L A
b+c c+a a+b

26

1+

a b c
+ + >
b+c c+a a+b

c. O_:no:._m.m assessed: H5
Marking Guidelines

+| —+—{+| —+— |, where each of —, —, — is real and positive.

Criteria

Marks

1 «expand using compound angle trigonometric identities then simplify
il *use identity from (i) to simplify sum

* use frigonometric identity converting difference to product

« simplify to obtain required result
1ii * use appropriate trigonometric identity

s use result from (ii) to evaluate sum

[ VO T Gy

Answer

1. sin(2k-+1)@=sin2k0 cosd+cos2kOsin@ and sin(2k—1)0 =sin2kB cos@—cos2kO sind

. sin(2k+1)0.— sin(2k = 1)0.= 2sinf.cos 2%0.... .. ..

ii. 2sing) cos2k0 =Y {sin(2k+1)0—sin(2k—1)8 } = sin(27+1)0 —sin6
k=1

k=1

Using sinA—sinB=2sin458 cos 2 | A=2(n+1)0, B=0 : E.H&M cos 2k0 = sinnd cos(n+1)0

k=1

i1 108 ane 1l

ey o2k s ) SIDYFCosE |

11i. M SN 75 =3 M T COS5* vl 910 ——"—F — =5
k= k=1 mﬂna
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Q16 (cont)
b. Outcomes assessed: PE3, HE3
Marking Guidelines

Criteria

Marks

1 = expand the square and break up into separate sums
« manipulate sigma notation to obtain required result
il « apply resuit to the sequence of »+1 binomial coefficients
» evaluate the sum of these binomial coefficients
= explain why strict inequality holds
iii » equate coefficients of x" on both sides of identity using properties of binomial coefficients
1v = simplify factorial quotient then apply (ii) and (iii) to obtain appropriate inequality
= take logarithms to complete proof

e T e e S e Sy

Answer
i.
..,.MLAH.# Iw,m.awm _ Wﬁxwm INAW%LH» +A%%me
=Y w2 -2(48,) 2+ (35, 2
k=1 = o

= Mk.mu - Mﬁuwum_m_zv_m_u t EA.N_\TW:VM
= Mu‘\unwm ]W.mqau
k=1

n n
»Ml,_\un»m = mu..wau +_~ﬁM1_\T§ Iw_m.bn

. x,="C,, £=0,1,2,..,n. Then (I+x)" mM aﬁwa» gives 2" = M "C,. o8, =2
k=0 =0
mHL
From (1), forreal x, , MH._,.N N%Mﬁ:u , since each of (x, i%%ﬁ;% 20 .
k=1
. ] n 2 Nma
Since equality only bolds for x, =x,=.. =x_,, MTGL > for n=2,34, ..

par n+1

iii. Considering the coefficient of x” on both sides of the identity ?iwﬁmaimz :

n y n i
Mxﬁhaﬁin "C . But :Oi.namw and V'C = 2n)! . Hence MUTQLNI (2n)!

n

k=0 nin! k=0 (n!)*

@n)!_ 2n(2n-D{2(n-1}2n-3){2(n-2)}..2.1 _2'(2n-D(2n-3)..3.1
(n!)? ﬁamxlSm:Imv .:L» n(n—D(n-2)...1
2"(2n-1)(2n-3)..3.1 2% 1.3.5..2n=-3)2rn-1) _ 1

iv,

Using () and (i), — = 1 g1 BVine 246 [2(n-D}{2n] n+l

Taking logs of both sides gives Inl—In2+In3—-Ind+...+In(2n-1)—In(2n) > —In(n+1)
n2-In3+In4-_..+In(Zn) <In(n+1)

2n-1

Also In2-In3+In4-..+In(2n)=m2+m$+né+ . +Iln22>0
5 0<n2-In3+Ind—..+In(2n) <In(n+1) for n=2,3,4,..

11
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Maths Extension 2 Mapping grid (continued)

Question | Marks Content Syllabus Targeted
Outcomes | Performance
Bands

16 ai 2 Circle geometry PE3 E2-E3
i 1 Trigonometry H5 E2-E3
iii 2 Further trigonometry HS5 E3-E4
iv 2 Functions P5 E3-E4
bi 2 Inequalities PE3 E3-E4
ii 3 Inequalities PE3 E3-E4
iti 1 Binomial Theorem HE3 E3-E4
v 2 Inequalities PE3 E3-E4







