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General Instructions

* Reading time — 5 minutes

*  Working time — 2 hours

*  Write using blue or black pen

* Make sure your Barker Student Number
is on ALL pages of your solutions

* Board-approved calculators may be used

» A table of standard integrals is provided
at the back of this paper

* ALL necessary working should be
shown in every question
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Total marks — 70

10 marks
* Attempt Questions 1 — 10
*  Allow about 15 minutes for this section

Section 11 Pages 6-12

60 marks
* Attempt Questions 11 — 14

e Allow about 1 hour 45 minutes for this
section
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Section I — Multiple Choice (10 marks)
Attempt Questions 1-10
ALL questions are of equal value

Use the multiple choice answer sheet provided.

. X
sin=
Iim—3 is:

X—0 X

=

) (8) % ©) ©) 6

wlN
N | w

2. They coordinate of the point which divides the interval AB externally in the ratio 1 : 4
where A'is (3, 1) and B is (-1, -5) is:

A) —% ® = © -1 O 3

3. Find & (1+ x2) tan 'x .
dx

(A) 2X tan™ x (B) 2X . (C) 1+X (D) 1+ 2xtan'x
1+ X 1— x2
4 J‘ dx
4 + 9x°
1 2X 1 3x
A Ztant| == B “tant| =
I (3j ® 1 (2]
1 2X 1 3x
C “tant| == D “tant| =
© 1 [SJ © 1 (Zj
5.  Consider the function f (X) = 3X1 and its inverse function f‘l(x).
X —
Evaluate f™(2).
(A) 6 B) -2 ©) 2 (D) -6



6.  Find the value of x in this diagram.

9 X
8
NOT TO SCALE
6
(A) X =16 (B) Xx=7 ©) X=5 (D) x=10
7 y
A
-
] — X
-3 3
-IT- 7
v
The equation of the curve above is:
(A) y =2sin™ X (B) y=3sin™ X
3 2
(C) y = 2sin”' 3x (D) y=23sin"3x

8.  Find the number of ways the letters of the word EPSILON can be arranged in a straight
line such that the 3 vowels are all next to each other.

(A) 71 (B) 5! (C) 315! (D) 415!



10.

In a raffle there are 50 tickets sold. 6 tickets are especially marked and will win a mystery prize
each. Jack buys 3 tickets in the raffle. What is the probability that Jack will win 3 prizes when
the first 3 raffle tickets are drawn and not replaced?

6\’ 3 2 1
(A) (%J (B) %x4—9x4—8
3Y 6 5 4
© K%] (D) %XEXE

The velocity of a particle moving in simple harmonic motion in a straight line is given by
vZ =2 — x— x> ms, where x is displacement in metres.

The centre of motion is:

(A) X=-2 (B) x=1 ©) X=-= (D) x=2

End of Section |
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(a)

(b)

(©)

(d)

(e)

Section II (60 marks)

Attempt Questions 11 — 14

All questions are of equal value.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.
In Questions 11 — 14 show relevant mathematical reasoning and / or calculations.

Question 11 (15 marks) [Use a SEPARATE writing booklet]

In how many ways can a committee of 4 men and 7 women be selected from a group

of 7 men and 8 women? 2

Solve: 3 >1 3

X—4

2r

Evaluate: I sin®2x dx . 3
0
! 5

Evaluate: L 4t(2t - 1) dt by using the substitution u = 2t — 1. 4
2

For the infinite geometric series:
. . . T
Sin 2X + SiN2XC0S2X + SiN 2XC0S% 2X + ...... for 0 < x<§ ,

Show that the limiting sum is cot X. 3

End of Question 11



(2)

(b)

Question 12 (15 marks) [Use a SEPARATE writing booklet]

Tap water at 24°C is placed in a fridge-freezer maintained at a temperature of -11°C.
After t minutes the rate of change of temperature 7 of the water is given by

T k(T+11).

dt

(1) Show that T = Ae™ —11 is a solution of the above equation, where A
is a constant.

(i1) Find the value of 4.

(ii1) After 15 minutes the temperature of the water falls to 10 °C.
Find, correct to the nearest minute, the time taken for the water to start freezing.
(Freezing point of water is 0°C).

(i) Express /3 c0s0 —siné in the form rcos( + a), wherer >0 and 0 < « <%,
giving r and o as exact values.

(11) Evaluate the minimum value of the expression J3 cos6 —sino .



Question 12 (continued)

(©)

(d)

NOT TO SCALE

ABC is an isosceles triangle in which AC = BC. ABCD is a cyclic quadrilateral. AD is
produced to E.

Let /CDE =x.
Show that ~/BDE = 2x’.

For all positive integers n, prove by mathematical induction that:

1 2 3 n (n+1)1-1
+ ...+ =
21 31 4l (n+1)! (n+1)!

End of Question 12



(2)

(b)

Question 13 (15 marks) [Use a SEPARATE writing booklet]

y 1}
R
\ x’ =4ay
P
M
NOT TO SCALE
Q
y
¢ e

P(Zap, apz) and Q(Zaq, aqz) are two points which move on the parabola x* = 4ay such that
ZPOQ =90, where O(0,0) is the origin. M (a( p+0q), %a(p2 - qz)j is the midpoint

of PQ. R is the point such that OPRQ is a rectangle.

(1) Show that pq = —4.
(i) Show that R has coordinates (Za( p+q),a(p’+ qz)).
(1i1) Find the equation of the locus of R.

In an experiment, a particle initially at a fixed point O, is moving in a straight line.
After time # seconds, it has displacement x metres from O and its velocity v ms™ is
given by v =28 - 2x.

(1) Find the acceleration of the particle at the origin.
1 X
i Show that t =—=log_ |1— — |.
o A
(1i1) Hence, or otherwise, find x as a function of ¢.



(c)

Question 13 (continued)

A plane flying at a height of 2000 m observes a stationary hot air balloon drop an object from a
height of 3200 metres. The moment the object is released, the plane fires a projectile at an angle &
to the horizontal in the direction of the object at a velocity of 240 m/s. The horizontal distance
between the plane and the hot air balloon is 3.6 km at the time the projectile is fired.

:

|
|
|
|
1
1
|
|
I
I
1
I
I
1
I
1
I
I
|
|
1

3.6 km

The equations of motion of the projectile fired from the plane are:

X = 240t cos @
y = 2000+ 240t sin 6 —gt?

The equations of motion of the dropped object (relative to a point below the plane) are:

X = 3600
y = 3200—gt® (Do Not Prove These)
(Useg =10ms?)

(1) What is the angle (to the nearest minute) at which the projectile must be fired to
intercept the object? 2

(11) How long (to the nearest 0.1 second) does it take the projectile to reach the object? 1

(111) At what height does the projectile intercept the object? 1

End of Question 13

10



(2)

(1)

(ii)

(b)

(i)

Question 14 (15 marks) [Use a SEPARATE writing booklet]

P

107 9°

220°T 120°T

A ship is observed from the top of a 150m cliff BP. When the ship is at point C it has an

angle of depression of 9° from the top of the cliff and later at D it has an angle of depression
of 10°.
From the cliff the bearing of C is 120°T and D is 220°T.

Show that BD =150cot10°

Hence, or otherwise, show that
CD? =150° (cot*10° + cot® 9° — 2 cot10° cot 9° cos 100°).

(1i1) Find the distance CD.
Water is poured into a conical vessel of base radius 20 cm and height 30 cm at a constant

rate of 24 cm’ per second. The depth of water is 4 cm at time ¢ seconds and V is the volume
of the water in the vessel at this time.

Explain why r = 2—3h .
Hence show that the volume of water in the vessel at any time t is given by
V= 4rh? .
27
(111) Find the rate of increase of the area (A) of the surface of the water, when the
depth

isl6cm. 4

20 cm )
NOT TO SCALE

30 cm

N

hcm

11



(c)

Question 14 (continued)

The rise and fall of the tide is assumed to be simple harmonic. A cruise ship needs 11 metres
of water to pass down a channel safely. At low tide the channel is 8 metres deep and at high
tide it is 12 metres deep. Low tide is at 10am and high tide is at 4pm.

(1) Show that the water depth, y metres, in the channel is given by

y =10 — 2 cos [%tj , where ¢ is the number of hours after low tide.

(i1) Find the earliest time period after 10am (i.e. between which two times) that the
cruise ship can safely proceed through the channel.

End of Paper
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STANDARD INTEGRALS

1 )
J'x”dx = — x"" nz-1: x#0, if n<0
n+1
1
J—dx =Inx, x>0
X
1
Ieaxdx =—e* a=0
a
1 .
Icos ax dx = Zsinax, a=0
a
) 1
_[sm ax dx = —-=-cosax, a0
a
) 1
J.sec ax dx = Etanax, a=0
1
Isec ax tan ax dx = —secax, a=0
a
1 1 X
———dx = =tan" =, a=0
Ja +x a a
(
1 dx :sm’li, a>0, —a<x<a
J aZ—X2 a

.
#dx = In(x+«/x2—a2), Xx>a>0

J;dx In(x+ﬁ)

NOTE: Inx=log, x, x>0

13
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1. .
sin

w | x

~A

X
NI R|wl -
Il
wilnN

X
2
(Ix-4)+(-5x1)
1+(-4)

3..D

v=tan'x
, 1

1+ x°
2

3 u=1+x°

u'=2x v

1+X
y'=2xtan x +

1+ x°
y'=2xtan x+1 .-.D

4. J’ dx _lJ‘ dx
==
4+9x° 9 ﬂ—i—Xz

9

1 1 _1( X J
=-x——tan'| — |+¢
9 2/3 2/3

6. X(x+9)=14x8
X*+9x-112=0
(x+16)(x-7)=0
S x=-16,7 (x>0)
x=7 ..B

. X
7. y=2sin?t| = S A
y (sj

8. 3Ix5! .. C

3 2 1
9. —x—x—
50 49 48

10. V2 =x?+x-2=0
(x+2)(x-1) =0

SoX=-2,1 -.centre = %

Section |1 e)

Question 11
a)'C,x°C, =280

b)

34><(x—4)221(x—4)2

3(x—4) > (x—4)°
(x—4)*-3(x-4)<0
(x—4)[(x—4)-3]<0

(x=4)(x-7)<0

SA<x<T
c) cos2x =1-2sin* x

—sin®x = %(1—0032x)

jznsinz 2x dx :EJ'z”(l—cos4x) dx
0 2Jo

2z
:l[x—lsin 4x}
2 4 0

=%[(27z—0)—(0—0)]

=T

d) u=2t-1 whent:%,u:o
d—u:2 t=lLu=1
dt
dt:d—u 2t=u+1

2
4t =2(u+1)

! 5 ! s du
= 0

1
:J- u®+u’du

0

o ut T
it
7 6 o

1 1
:(7+gj_(o_o) ~ 34 min
_ 3 b) (i)
42 J3c0s@—sind =rcos(6+a)
=rcos@dcosa—rsindsina
.'.«/§:rcosa l=rsina
COSa:ﬁ sinozz1
r r
14 r=2 a=2
6

a=sin2x r=co0s2x
_sin2x
 1-c0s 22X

_ 2sin XCos X
~1-(1-2sin?x)
_ 2sinXcos X

~ 2sin?x

_ COSX

sinx

=cot X

uestion 12

L dT
a) (i) — = —kAe™
) (i) o

Ae ™M =T+11
dT
no—=—k(T +11
™ (T +11)
. asolution
(i) whent=0,T =24
24 = Ae® —11
A=35
(iii) whent=0,T =24
10=35e* 11
E — g lsk

35

In G] =-15k
5

k:__1|n(§J
15 5
whenT =0

0=35e"-11
11 okt

~.\J3c0s0—sin@=2cos(0+x6)



(ii) minimum value -2 (iii) x=2a(p+q) (i) ,__ 15
. X €0s18°26"
¢) ()/CDE = x°= Z/ABC L PHa=— =15.8sec
i = i i)y = _ 2
0 (ext £ of cyclic quad = opp int ) y=a(p’+q°) (iil) y =3200-10x15.8
1) /BAC = x° (base £ of isos A =) —af( 2 ~ 700m
=a| (p+09)"-2pq :
/BDC = ZBAC = x° (£'s in same segment) [ , ] Question 14
. X
. ZBDE = x°+x° (adj £'s) = aXL—aZ—ZX—q a)(i)£ZPDB =10° (alternate /'s)
=2X° 150
2 o__" "
d) Prove true forn=1 y::—+8a tan10 BD
11 178 150
LHS= —== b) (i)=v* = =(8-2x)* =
2! 2 ( )()2 2( ) tan10°
2-1 1 BD =150cot10°
RHS= =——~== .'.X:i(lvzjzz(S—Zx)x—Z
21 2 dx\ 2 2 (i)
.. LHS=RHS, .. true forn=1 — _2(8_2)() CD2 — (150COt10°)2 + (150COt9°)2 —2x
Assume true for n =k when x =0, X = ~16 150¢0t10° x150¢0t9’ x 05100
R K _ ket ) iy Z g gy XL 1900407
21 (k+D)!  (k+1)! dt dx 8-2x 1379
Prove true forn=k +1 :_EJ —2 dx )
1 kK kel  (k+2)1 2) 8-2x NP £ motion i
RTP: — 4. 4 i - : 1 8 —12 .. centre of motion is 10m
(k+1D)+-1 k+1
LHS = + when t=0,x=0 P -
k+D)!  (k+2)(k+1)! . 10am — 4pm = 6hrs = > of period
k+2)((k+1)-1)+k+1 ~.0=--In8+c
_ (k2 (kD) e+ 2 nox6=2%  n=Z
(k+2)(k +1)! 1 n 6
c==In8
(k+2)k-2+k+1 5 12
(k+2)(k +1)! 1 1 10
t=—=In(8-2x)+=In8
_(k+2)-1 2 ( )+2 8 4pm
© (k+2)! 1
=—=(In(8-2x)—In8
= RHS 2[ ( ) ] 10am .'.y=10—2cos(%tj
. statement true forn=1,k, k +1 =—1|n(8_2XJ
. ; 2 8
.. true for all + t ..
_rue or all +ve integers n | ; (ii) 11:10_2(:05[@)
Question 13 :__|n(1__j 6
2 4
. X 1 7t
a) () m,, xm,, =-1 (iii) -2t=In (1—Zj _EZCOS[Ej
2 2
ﬂxﬂ:_ ot X zt 27 4rx
e =]—— — = —
2ap  2aq 4 6 33
£Xg:—l 1:]__e‘2I t=12_”,24_ﬂ.
2 2 4 3 37
S pg=-4 X=4—4e™ =4,8
(ii) M is midpt of OR and O(0, 0) c)(i) 3600 = 240t cos @ ~.10am +4 = 2pm
B 1 2, 2 o 15 10am +8 = 6pm
..R_(zxa(p+q),2><§a(p +q)j = cosd

=(2a(p+q).a(p®+q°))

.. between 2pm and 6pm

3200 gt? = 2000+ 240[£jsin 0 gt?

cos@

1200 =3600tan @
1 15
tan@ ==
3

0 =18°26'



~r  h . .
C)(l)%=% (similar A's)

2h
r=—
P
(i) V == zr*h
372'
2
.‘.V=17r><(2—h} xh
3 3
3
V:47rh
27
2
(iii) A= 71 v _4zh
dh 9
(2hj2 dh dh av
A=rx| — —=—x—
3 dt dv dt
2
:47rh _ 9 <24
9 47h?
(A _8zh  dh 54
“dh 9 dt zh?
(dA_dA_dn
T dt dh dt
87h 54
=—X
9 rzh?
_48
h
when h =16cm
dA

—=3cm?/s
dt



